Chapter Three: Orthogonal functions and Fourier series

This is going to be a short section. We just need to have a brief discussion about a couple of

ideas that we will be dealing with on occasion as we move into the next topic of this chapter.
3.1 Periodic Function

The first topic we need to discuss is that of a periodic function. A function is said to be periodic

with period 7 if the following is true,

f(x+T)= f(x) forallx

Fact: If fand g are both periodic functions with period 7'then sois f + g and fg .

This is easy enough to prove so let’s do that.

Since fand g are periodic functions by definition of periodic function we have
S(x+T) = f(x) and  g(x+T7)=g(x)
Now to prove that above:
(f+x+T)=fx+T)+g(x+T) = f(x)+g(x)
()x+T) = f(x+T)g(x+T) = f(x)g(x)

The two periodic functions that most of us are familiar are sine and cosine and in fact we’ll be
using these two functions regularly in the remaining sections of this chapter. So, having said that

let’s close off this discussion of periodic functions with the following fact,

. o . . 2
Cos(wx) and sin(ax) are periodic functions of period 7 = il
@

3.2 Even and Odd Functions



The next quick idea that we need to discuss is that of even and odd functions.

Recall that a function is said to be even if, f(x)= f(-x)

And a function is said to be odd if, f(—x)=—/f(x)

The standard examples of even functions are f(x) = x” and g(x) = cos(x) while the standard

examples of odd functions are /' (x) = x* and g(x) = sin(x).

The following fact about certain integrals of even/odd functions will be useful in some of our

work.

1) If f(x) is an even function then,

-L[f(x)dx = 2} f(x)dx

2) If f(x) is an odd function then,

j-f(x)dx =0

Note that this fact is only valid on a “symmetric” interval, i.e. an interval in the form [-L, L].

If we are not integrating on a “symmetric” interval then the fact may or may not be true.
3.3 Orthogonal Functions

The final topic that we need to discuss here is that of orthogonal functions. This idea will be
integral to what we’ll be doing in the remainder of this chapter and in the next chapter as we

discuss one of the basic solution methods for partial differential equations.

Let’s first get the definition of orthogonal functions out of the way.



Definition:
1) Two non-zero functions f'(x) and g(x)are said to be orthogonal ona < x <bh
b
if, [ f(x)g(x)dx =0

2) A set of non-zero functions, { /i (x)}, is said to be mutually orthogonal on a < x < b (or
Just an orthogonal set if we’re being lazy) if f;(x) and f(x) are orthogonal for every

i # j.In other words,

p 0 i#j
[ 1,00, ()x = {

c>0 i=j

Note that in the case of i = j for the second definition we know that we’ll get a positive

b b
value from the integral because, I fi(x) f, (x)dx = I[ f.()’dx>0.

Recall that when we integrate a positive function we know the result will be positive as well.

Also note that the non-zero requirement is important because otherwise the integral would be

trivially zero regardless of the other function we were using.

Before we work some examples there are a nice set of trig formulas that we’ll need to help us

with some of the integrals.

sin¢ cos ff = %[sin(a — ) +sin(a + F)]
sinasin = %[cos(a — ) —cos(a + )]

cosacos ff = %[cos(a — )+ cos(a + f)]



Example 1: Show that {cos(%}} is mutually orthogonal on—L < x < L.
n=0

Solution: This is not too difficult to do. All we really need to do is evaluate

the following integral.

j‘ nmx mnx
COS| — |COS| — |dX
L L

Before we start evaluating this integral let’s notice that the integrand is the product of two

even functions and so must also be even. This means that we can use Fact 3 above to write

r nmx mx r nmx min
J cos(—j cos(—jdx =2 I cos[—j cos(—jdx
i L L 0 L L

There are two reasons for doing this. First having a limit of zero will often make the

the integral as,

evaluation step a little easier and that will be the case here. We will discuss the second

reason after we’re done with the example.
Now, in order to do this integral we’ll actually need to consider three cases
Casel:n=m=0

In this case the integral is very easy and is,

j.cos(O) cos(0)dx = jdx = Zj- dx=2L

—L -L 0
Case2:n=m=#0

This integral is a little harder than the first case, but not by much (provided we recall a

simple trigonometric formula). The integral for this case is,



L L L
Jcos I cos| 22 x=J.cos2 nm x:2j‘cos2 P i
M L L 7 L 0 L
jdx
L

1 . (2nm

=|x+ sin
[ 2nw ( L D

0

r (2n7zx
=Il+cos
0

=L+ Lsin(2n7r)
2nrw

Now, at the point we need to recall that z is an integer and so sin(2n7) = 0 and our final

value for the is,

The first two cases are really just showing that if » = m the integral is not zero (as it shouldn’t
be) and depending upon the value of n (and hence m) we get different values of the

integral. Now we need to do the third case and this, in some ways, is the important case
since we must get zero out of this integral in order to know that the set is an orthogonal

set. So, let’s take care of the final case.
Case 3:n#+m

This integral is the “messiest” of the three that we’ve had to do here. Let’s just  start

off by writing the integral down.

r nmx mix k nnx mx
j cos(—j cos(—)dx =2 I cos(—} cos[—)dx
? L L 0 L L

In this case we can’t combine/simplify as we did in the previous two cases. We can however,
acknowledge that we’ve got a product of two cosines with different arguments and so we can

use one of the trig formulas above to break up the product as follows,



= sin((n —m)rx) + #sin((n +m)r)
(n—m)x n+m)x

Now, we know that n and m are both integers and so n —m and » + m are also integers and

so both of the sines above must be zero and all together we get,

f nmx mx r nmux mnx
j cos(—j cos(—jdx =2 I cos(—j cos(—}dx =0
7 L L 0 L L

So, we’ve shown that if n # m the integral is zero and if n = m the value of the integral is a

positive constant and so the set is mutually orthogonal.
Example 2: Show that {sin(?}} is mutually orthogonal on— L <x < L.
n=1

Let’s leave this for the reader as an exercise!!! Do not jump this one since we use it

repeatedly.

3.4 Fourier sine series and Fourier cosine series

3.4.1 Fourier Sine series

In this section we are going to start taking a look at Fourier series. We should point out that this
is a subject that can span a whole class and what we’ll be doing in this section (as well as the
next couple of sections) is intended to be nothing more than a very brief look at the subject. The

point here is to do just enough to allow us to do some basic solutions to partial differential



equations in the next chapter. There are many topics in the study of Fourier series that we’ll not

even touch upon here.

So, with that out of the way let’s get started, although we’re not going to start off with Fourier
series. Let’s instead think back to our Calculus class where we looked at Taylor Series. With

Taylor Series we wrote a series representation of a function f(x), as a series whose terms were

powers of x —a for some x = a.with some conditions we were able to show that,

£ =D gy

n!

and that the series will converge to f(x) on |x — a| < R for some R that will be dependent upon

the function itself.

There is nothing wrong with this, but it does require that derivatives of all orders exist at
x = a .Or in other words f"(a)exists for n =0,1,2,3,4,........ Also for some functions the value of

R may end up being quite small.

These two issues (along with a couple of others) mean that this is not always the best way or
writing a series representation for a function. In many cases it works fine and there will be no
reason to need a different kind of series. There are times however where another type of series is

either preferable or required.

We are going to build up an alternative series representation for a function over the course of the
next couple of sections. The ultimate goal for the rest of this chapter will be to write down a

series representation for a function in terms of sines and cosines.

We will start things off by assuming that the function, f(x), we want to write a series

representation for is an odd function i.e. f(—x) = — f(x) .Because f(x) is odd it makes some

sense that should be able to write a series representation for this in terms of sines only (since they

are also odd functions).



What we will try to do here is writing f(x) as the following series representation, called a

Fourier sine series,on— L <x< L.

> B, sin(%) Where B, is called the coefficients.
n=1

There are a couple of issues to note here. First, at this point, we are going to assume that the

series representation will converge to f(x) on — L < x < L .Assuming that the series does
converge to f(x) it is interesting to note that, unlike Taylor Series, this representation will

always converge on the same interval and that the interval does not depend upon the function.

The question now is how to determine the coefficients B, , in the series.

n?

Let’s start with the series above and multiply both sides by sin(?j where m is a fixed integer

in the range {1,2,3,4 ...... } In other words we multiply both sides by any of the sines in the set of

sines that we are working with here. Doing this gives,

L mm) & . (nm) [ mmx
f(x) s1n(Tj— ;Bn sm( Vi ]sm( i )

Now, let’s integrate both sides of this fromx=—-Lto x=L.

L L
x)sin| — dx= B, sin| — |sin| —— {dx
_'[Lf() (L]d _J;Z—; ’ (Lj (L)d
At this point we’ve got a small issue to deal with. We know from Calculus that an integral of a
finite series (more commonly called a finite sum....) is nothing more than the (finite) sum of the
integrals of the pieces. In other words for finite series we can interchange an integral and a

series. For infinite series however, we cannot always do this. For some integrals of infinite

series we cannot interchange an integral and a series. Luckily enough for us we actually can



interchange the integral and the series in this case. Doing this gives and factoring the

constant, B, , out of the integral gives,

j f(x) sin(%jJXZ 3 TB,, sin(%j sin(%jdx

w L
= ZBnJ. sin(@jsin(w)dx
n=1 _L L L

L ifn=m

L
Note that from example 2 above we have jsin T2 sin| 272 Ly =
L L 0 ifnzm

-L

Le. {sin(%)} is orthogonal on— L <x< L.

n=1

So, what does this mean for us? As we work through the various values of 7 in the series and
compute the value of the integrals all but one of the integrals will be zero. The only non-zero
integral will come when we have n = m , in which case the integral has the value of L. Therefore,

the only non-zero term in the series will come when we haven =m and our equation becomes,

j f(x) sin[%jdx =B L

Finally all we need to do is dividing by L and we know have an equation for each of the

coefficient

1 f . [ mmx
B, = [ sm(TJa’x m=123,...

-L

Next, note that because we’re integrating two odd functions the integrand of this integral is even

and so we also know that,



2k . [ mmx
B =— x)sinl — dx m=1273,....
, L!f() (Ljd

Summarizing all this work up the Fourier sine series of an odd function f(x)on —L<x<Lis

given by,

= nmx 1t nmx
x)=Y» B sinf — | ,Where B, =— sin| —— =1,2,3,....
f();,, (Lj ) L_ij(x)(Ljdx n

Examplel: Find the Fourier sine series for f(x)=xon—-L<x<L.

Solution: First note that the function we’re working with is in fact an odd function and so this is
something we can do. There really isn’t much to do here other than to compute the coefficients
for f(x)=x.

Here is that work and note that we’re going to leave the integration by parts details to you to

verify. Don’t forget that n, L, and 7 are constants!

1§ nmx 2k nmx
B, =— I xsin(—]a’x = —jxsin(—ja’x
L~ L Ly L
2 L . nmx nmx
=—| =5 Lsin| — |—nmxcos| —
L\n°rm L L

= ﬁ(L sin(nz) —nnl COS(I’UZ))

L

0

These integrals can, on occasion, be somewhat messy especially when we use a general L for the
endpoints of the interval instead of a specific number.

Now, taking advantage of the fact that n is an integer we know that

sin(nz) = 0and cos(nr) = (—1)" .We therefore have,

_ (_1)n+1 2L
nr

2
B, = (- nai(-1)")

The Fourier sine series is then,

= (=)™ 2L . [nﬂxj 2L & (- (nﬂxj
xX= sin == sin
; n L Vs HZ::‘ n L

v/

10



At this point we should probably point out that we will be doing most, if not all, of our work here
on a general interval (— L < x < L or 0 < x < L)instead of intervals with specific numbers for the
endpoints. There are a couple of reasons for this. First, it gives a much more general formula
that will work for any interval of that form which is always nice. Secondly, when we run into
this kind of work in the next chapter it will also be on general intervals so we may as well get
used to them now.

Now, finding the Fourier sine series of an odd function is fine and good but what if, for some
reason, we wanted to find the Fourier sine series for a function that is not odd? To see how to do
this we’re going to have to make a change. The above work was done on the interval

— L < x < L .In the case of a function that is not odd we’ll be working on the interval 0 < x < L.
The reason for this will be made apparent in a bit.

So, we are now going to do is to try to find a series representation for f(x) on the interval

0 < x < L hat is in the form,
- ) 7
ZBn sin| 2%
n=l1 L
or in other words,

f(x)= iBn sin(?)

n=1
As we did with the Fourier sine series on — L < x < L we are going to assume that the series will

in fact converge to f(x)and we will hold off discussing the convergence of the series in another

section not on this module.

There are two methods of generating formulas for the coefficients, B, although we’ll see in a bit

that they really the same way, just looked at from different perspectives.

The first method is to just ignore the fact that f(x) is odd and proceed in the same manner that

we did above only this time we’ll take advantage of the fact that we left as an exercise in the

0

previous section that {sm(%}} also forms an orthogonal set on 0 < x < L and that,

n=1

11



if n=m

if n#m

Nlt\

& (nm) . (mmx
J s1n(—j sm(—jdx
0 L L 0

So, if we do this then all we need to do is multiply both sides of our series by sin(?j ,integral

from 0 to L and interchange the integral and series to get,

If (x) Sln( jdx = Z B _[sm( zzxj sin(?}dx

Now, plugging in for the integral we arrive at,

omfe oy

L
Upon solving for the coefficient we arrive at, B, = % J. f(x) sin(%}dx m=1234,.....
0

Note that this is identical to the second form of the coefficients that we arrived at above by

assuming f(x) was odd and working on the interval - L < x < L . The fact that we arrived at

essentially the same coefficients is not actually all the surprising as we’ll see once we have

looked the second method of generating the coefficients.

Before we look at the second method of generating the coefficients we need to take a brief look

at another concept. Given a function, f(x), we define the odd extension of f(x) to be the new

function,

C[f) ifosx<L
g(x)= f(=x) if —L<x<0

It’s pretty easy to see that this is an odd function.

g(=x)=—f(-(-x) =—f(x) =—g(x) for O0<x<L

12



and we can also know that on 0 <x < L we have that g(x) = f(x) .Also note that if f(x) is

already an odd function then we in fact get g(x) = f(x)on —L<x< L.

Example 2: Sketch the odd extension of the given function.

f(x)=L—-x on0<x<L

Solution: Not much to do with this other than to define the odd extension and then

sketch it

Here is the odd extension of this function.

| f(x) f0<x<L
EN =1 o) if —L<x<0

_JL-x if0<x<L
C|-L-x if —L<x<0

Below is the graph of both the function and its odd extension. Note that we’ve put the
“extension” in with a dashed line to make it clear the portion of the function that is being added

to allow us to get the odd extension.

Graph of f [x:l Graph of Odd Extension of § [xj

L L
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Example 3: Find the Fourier sine series for f(x)=L—-x on0<x<L

Solution: There really isn’t much to do here other than computing the coefficients

SO here they are,

B = % ! () sin(%)dx =% ! (L —x) sin(%}'x

= 2(— ZL J{L sin(@J —nn(x—1L) COS(@H
L\ n°7m2 L L |,

_ 2L
nr

(why ?)

In the simplification process do not forget that » is an integer.

So, with the coefficients we get the following Fourier sine series for this function.
2L . (nmx
X)= ) —sin| —
S (x) Z; - ( 7 )
Example 4: Find the Fourier sine series for f(x)=7—x on0<x<7x
=2 .
Answer: f(x) = Z—sm(nx)
n=1 1

3.4.2 Fourier Cosine Series

In this section we’re going to take a look at Fourier cosine series. We will start off much as we
did in the previous section where we looked at Fourier sine series. Let’s start by assuming that

the function, f(x) we will be working with initially an even function.

14



[i.e. f(—x) = f(x) ] and we want to write a series representation for this functionon — L <x <L

in terms of cosines (which are also even). In other words we are going to look for the following,

f(x)= i A, cos(%}

This series is called a Fourier cosine series and note that in this case (unlike with Fourier sine

series) we are able to start the series representation at n = 0 since that term will not be zero as it

was with sines. Also, as with Fourier Sine series, the argument of e in the cosines is being

used only because it is the argument that we will be running into in the next topic. The only real
requirement here is that the given set of functions we’re using be orthogonal on the interval
we’re working on.

Note as well that we are assuming that the series will in fact converge to f(x)on —L<x < L at
this point.

0

So, to determine a formula for the coefficients, 4, , we’ll use the fact that {cos(%}} do form
n=0

an orthogonal set on the interval — L < x < L as we showed in the previous section. In that

section we also derived the following formula that we will need in a bit.

2L if n=m=0

L
.[ cos[ﬂj cos(@jdx =sL ifn=m=#0
i L L

0 ifnem

We’ll get a formula for the coefficients in almost exactly the same fashion that we did in the

previous section. We’ll start with the representation above and multiply both sides by

cos(%) where m is a fixed integer in the range {1,2,3,4, ..... }.Doing this gives,

JS(x) cos(%j = ; A, cos(%) cos(%)

Next, we integrate both sides from x = —L tox = L and as we were able to do with the Fourier

Sine series we can again interchange the integral and the series.

15



- L
= HZ:;) A, J;cos(%j cos(%jdx

We now know that the all of the integrals on the right side will be zero except

whenn = m because the set of cosines form an orthogonal set on the interval

— L < x < L However, we need to be careful about the value of m (or n depending on the letter
you want to use). So, after evaluating all of the integrals we arrive at the following set of

formulas for the coefficients.

Form =0, j[f(x)dx:AO(ZL) = 4, :iif(x)dx
Form #0, _LILf(x) cos(%jdx =A4,L =4, = %_j;f(x) cos(%]dx

Summarizing everything up then, the Fourier cosine series of an even

function, f(x) on — L < x < L 1is given by,
1 L
) o [ £y n=0
f(x)= ZAn cos[@j Where A4, = -
" L L j (%) cos(@)dx n#0
LY L

Example 1: Find the Fourier cosine series for f(x)=x> on—L<x<L

Solution: We clearly have an even function here and so all we really need to do is compute the
coefficients and they are liable to be a little messy because we’ll need to do integration by parts

twice. We’ll leave most of the actual integration details to you to verify.

1 ¢ 1%
A=5; j S =— j f(x)dx

16



: 1 t nnx _ 2 r nmx
Again, 4, = Z-[f(x) COS(Tde_Z'([f(X) COS(T]dx
L
= zsz cos(@jdx
L L

0

= 2( 3L3J 2ln7zxcos(@j+(n27z2x2 —2L2)sin(@j
L\n'm L L

Substituting the values we get,

L

0

2 n
4, =D 054,
n°rw
2 2 n
The coefficients are then, 4, = L? and 4, = w n=1234,....
nrw

The Fourier cosine series is then,

xP=>"4, cos(%j =A,+ ) A, cos[%}
=0

n=l1
L' &40 (-1)" [nﬂxj
—_— 2 COS

3 = nx2 L

Note that we will often strip out n =0 from the series as we have done here because it will
almost always be different from the other coefficients and it allows us to actually plug the

coefficients into the series.

Now, just as we did in the previous section let’s ask what we need to do in order to find the
Fourier cosine series of a function that is not even. As with Fourier sine series when we make
this change we’ll need to move onto the interval 0 < x < L now instead of — L < x < L and again

we’ll assume that the series will converge to f(x) at this point.

17



We could go through the work to find the coefficients here twice as we did with Fourier sine
series; however there’s no real reason to. So, while we could redo all the work above to get
formulas for the coefficients let’s instead go straight to the second method of finding the

coefficients.

In this case, before we actually proceed with this we will need to define the even extension of a

function, f(x) on — L < x < L .So; given a function f(x) we will define the even extension of the

function as,

Jf(x) if0<x<L
8= ) if —L<x<0

Showing that this is an even function is simple enough.

g(=x)=f(-(—x)) = f(x) = g(x) for 0 <x< L andwe can see
that g(x)=f(x)on 0<x <L andif f(x)is already an even function we

get f(x)=g(x) on—-L<x<L.

Example 2: Sketch the even extension of the given function.
f(x)=L—x on0<x<L

Solution: Here is the even extension of this function.

f(x) if0<x<L
g(X)={ .
f(=x) if —L<x<0

) L—x on0<x<L
x:
& L+x on—-L<x<0

Here is the graph of both the original function and its even extension. Note that we’ve put the
“extension” in with a dashed line to make it clear the portion of the function that is being added

to allow us to get the even extension

18



Graph of [ [x) Graph of Even Extension of § [x)

Example 3: Find the Fourier cosine series for f(x)=L—-x on0<x<L

Solution: All we need to do is compute the coefficients so here is the work for that,

1% 1% L
4, ZZl‘f(x)dx=zl[(L—x)dx=E

== j f(x) cos( jdx—— j (L—x) cos( 7 ]dx using integration by parts we

arrive at,

n

2L nt
A4, =—— 1+ (1) D) n=123,4,...
n°mw
The Fourier cosine series is then,
L & 2L nmx
X)=—+» —— 1+ (=1)"")cos| —
f()znz;nzﬂz( =D"") (Lj

Note that as we did with the first example in this section we stripped out the 4, term before we

plugged in the coefficients.
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Example 4: Find the Fourier cosine series for f(x)=27—-x on 0<x<27x
Let’s leave this as an exercise for the reader.
3.5 Fourier series

In the previous two sections we have looked at Fourier sine and Fourier cosine series. It is now
time to look at a Fourier series. With a Fourier series we are going to try to write a series

representation for f(x)on —L < x < L in the form,

f(x)= ZA cos( j+ZB sm( j

So, a Fourier series is, in some way a combination of the Fourier sine and Fourier cosine
series. Also, like the Fourier sine/cosine series we’ll not worry about whether or not the series

will actually converge to f(x) or not at this point. For now we will just assume that it will

converge (on this module we do not cover about the convergence of Fourier series)

Determining formulas for the coefficients, 4, and B, , will be done in exactly the same manner

as we did in the previous two sections. We will take advantage of the fact that

{cos(%)} and {sin[%)} are mutually orthogonal on — L < x < L as we agreed
0

n= n=1

previously. We will also need the following formulas that we derived when we proved the two

sets were mutually orthogonal.

2L if n=m=0

L
jcos(nmjcos( jdx— L ifn=m=#0
L L

-+ 0 ifn#m
L(n;zx](m;zx] L ifn=m
Jsm—sm—dx= i

L L L 0 lfn#m

20



So, let’s start off by multiplying both sides of the series above by cos(%) and integrate both
sides from — L to L and interchange the integral and summation to get,
e m 7 = 0 nux mm = ° nmux mmx
x)cos| — |dx =) A |cos| — |cos| — |dx+ > B, |sin| — |cos| — |dx
[reomof % Joee B feod 5 rof e S o oo

We can now take advantage of the fact that the sines and cosines are mutually orthogonal and

also using the above facts we arrive at
Y, —Ljf(x)dx Y, —ljf(x)cos dex m=1234
] ) ) 7 ,2,3.4,......

Again we get,

In the previous two sections we also took advantage of the fact that the integrand was even to
give a second form of the coefficients in terms of an integral from 0 to L. However, in this case

we don’t know anything about whether f'(x) will be even, odd, or more likely neither even nor

odd. Therefore, this is the only form of the coefficients for the Fourier series.

L if —-L<x<0
2x if 0<x<L

Examplel: Find the Fourier series for f(x) = { on —-L<x<L

Solution: Because of the piece-wise nature of the function the work for the coefficients is going

to be a little unpleasant but let’s get on with it.
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:LL jf(x)dx :ﬁ{j‘f(x)dx+jf(x)dx}

1 0 L
_L D‘Lde + ;'; 2xdx}

—iL[LMLZ]

A, = %JL;f(X)COS(nL J [J'f(x)cos( jdx+'ff(x)cos[ i jd }

= —“Lcos( ; jdx+J.2xcos( ?jdx}

At this point it will probably be easier to do each of these individually.

0 2 0 2

L . L .
chos(ﬂjdx = —sm(ﬂj =—-sin(nr) =0
° L nrw L ., hr

Again,

oo 22 (2 oo 22 e 2

Sl G
nmw

So, if we put all of this together we have,

A, =L (07 -1)  n=1234....
nw
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So, we have gotten the coefficients for the cosines taken care of and now we need to take care of

the coefficients for the sines.

. j (%) s1n( jdx——{j () sm( jdx+_|. () sm( ]d }

{ [ Lsm( ; jdx+ [ 2xsm( ?jdx}.

As the coefficients for the cosines will probably be easier to do each of these individually.

= L—(—l+ cos(mr)) = L—z((—l)n - 1)
nw

niw

n

So, if we put all of this together we have,

:—jf(x)sm( jdx‘i[ (( 1" —1)—£( 1’
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L n _
__7,(1+(_1) ) n=1234,..

So, after all that work the Fourier series is,

f(x)= ZA cos( j ZBH sm( j

)

+ 3 2 (e = theos "2 3L o] 2

n=l1 n n=l1 nrw

Ms

=4, +ZA co( )

. . . ) L if —L<x<0
Exercise: Find the Fourier series for f(x)= on —7<x<r
2x if 0<x<L

Example 2: Find the Fourier series for f(x)=x on—L<x<L.

Solution: Let’s start with the integrals for 4,,

e |
=— | f(x)dx=— | xdx =0
L* 2L ¢

L L
A4, = 1 If(x) cos(ﬂjdx _1 chos(@jdx =0
L L L L

In both cases note that we are integrating an odd function (x is odd and cosine is even so the

product is odd) over the interval [-L, L] and so we know that both of these integrals will be zero.

Next here is the integral for B,

1§ . [ nmx 1t . (nm 2¢ . (nm
B, :zj; f (x)sm(Tjdx = 7 I xsm(Tjdx ZZIXSIH(T}ZX

-L 0
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In this case we’re integrating an even function (x and sine are both odd so the product is even) on
the interval [-L, L] and so we can “simplify” the integral as shown above. The reason for doing
this here is not actually to simplify the integral however. It is instead done so that we can note
that we did this integral back in the Fourier sine series section and so don’t need to redo it in this

section. Using the previous result we get,

B (_1)n+l 2L
nw

B

n

In this case the Fourier series is,

= nmx = . [nmx
f(x)= nzz(; A, COS(TJ + ;Bn sm[Tj

SEREES

n=1 nr

Exercise: Find the Fourier series for f(x)=x on—2<x<2.

Direction: You can refer unit three of “Applied three to be

submitted...” for this chapter (chapter one)!!!.
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